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Failure Examples: Adversarial Attack [GSS15]
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Failure Examples: Domain Change [TPJR18]
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Target function: 

Empirical risk minimization:
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Regularization 
coefficient
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“Most of the regularization methods used 
successfully in practice are heuristic methods.”  

Abu-Mostafa et al., 2012.



Regularization via Optimal Transport

29

<latexit sha1_base64="E6fDKM5mHZMiLdLLkeBgFUiJPCY="></latexit>

H =
�
h 2 R

X : 9✓ 2 ⇥ s.t. h(x) = ✓>x
 

<latexit sha1_base64="z05a3WdA9fEjFPDhS6o184F06mg="></latexit>

inf
h2H

sup
Q2P

EQ [L(h(x), y)] = inf
✓2⇥

sup
Q2P

EQ

⇥
L(✓>x, y)

⇤

<latexit sha1_base64="Kc6zFBY0tuF68ZIl8Gu7Zp0+5uo="></latexit>P



Regularization via Optimal Transport

30

<latexit sha1_base64="z05a3WdA9fEjFPDhS6o184F06mg="></latexit>

inf
h2H

sup
Q2P

EQ [L(h(x), y)] = inf
✓2⇥

sup
Q2P

EQ

⇥
L(✓>x, y)

⇤

<latexit sha1_base64="E6fDKM5mHZMiLdLLkeBgFUiJPCY="></latexit>

H =
�
h 2 R

X : 9✓ 2 ⇥ s.t. h(x) = ✓>x
 

<latexit sha1_base64="Kc6zFBY0tuF68ZIl8Gu7Zp0+5uo="></latexit>P



The Real Story Behind the Success
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Regularization 
[SMK15, GCK17, CP18, 

BMZ18, BKM19, SKM19]

Statistical 
Guarantees 

[SMK15, MK18, BKM19, 
SKM19, G20, BMN21]
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Applications
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Color Histogram [PPC10] Computer Graphics [LS18] 

Statistical Inference 

Generative Models [ACB17] 
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Finance and Economics 
[Gal16] 
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[HGKSSW16] 
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<latexit sha1_base64="np7Mh0fZg4VddfGD0wW0D18m5J4="></latexit>

for all ⇠ 2 ⌅ and " > 0, then

<latexit sha1_base64="3nTDS5hu1FUKJsAta3mzJMCWPBE="></latexit>

sup
Q2P

EQ[I(⇠)] = inf
��0

�"+ EbPN

"
sup
⇣2⌅

I(⇣)� �c(⇣, ⇠)

#



Lipschitz Envelope

53

<latexit sha1_base64="lLkzh/KN/pkbXVIAbtzYtmMJufk="></latexit>

for any ✓, ⇠ 2 Rn, ✓0 2 R and � > 0.

<latexit sha1_base64="c896I8KPi11+CS98sz/ABfNpf5M="></latexit>

sup
⇣2Rn

L(✓>⇣ + ✓0)� �k⇣ � ⇠k =

(
L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="UEc69v88DQyYj1n75FVelVcmBLw="></latexit>

Lemma 2. Let L : R ! R be a convex and Lipschitz function.
<latexit sha1_base64="0sSqV2yWgUjmJQLkASKYr0f2TPU="></latexit>

Then,

[SKM19]



Proof of Lemma 2

54

<latexit sha1_base64="PV7BlTmAczyL9TnRhiwFA3potCs="></latexit>

K = { 2 R : L⇤() < 1}

<latexit sha1_base64="ZtiQT9g9GJJ2imvJvvn+eldQGU4="></latexit>

L(✓>⇣ + ✓0) = L⇤⇤(✓>⇣ + ✓0) = sup
2K

(✓>⇣ + ✓0)� L⇤()



Proof of Lemma 2

55

<latexit sha1_base64="PV7BlTmAczyL9TnRhiwFA3potCs="></latexit>

K = { 2 R : L⇤() < 1}

<latexit sha1_base64="+X2fmIPbuq9EjJ60CEyBc4U6Pqc="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
⇣

sup
2K

(✓>⇣ + ✓0)� L⇤()� �k⇣ � ⇠k

= sup
2K

sup
⇣

inf
kpk⇤�

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

= sup
2K

inf
kpk⇤�

sup
⇣

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

<latexit sha1_base64="ZtiQT9g9GJJ2imvJvvn+eldQGU4="></latexit>

L(✓>⇣ + ✓0) = L⇤⇤(✓>⇣ + ✓0) = sup
2K

(✓>⇣ + ✓0)� L⇤()



Proof of Lemma 2

56

<latexit sha1_base64="PV7BlTmAczyL9TnRhiwFA3potCs="></latexit>

K = { 2 R : L⇤() < 1}

<latexit sha1_base64="+X2fmIPbuq9EjJ60CEyBc4U6Pqc="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
⇣

sup
2K

(✓>⇣ + ✓0)� L⇤()� �k⇣ � ⇠k

= sup
2K

sup
⇣

inf
kpk⇤�

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

= sup
2K

inf
kpk⇤�

sup
⇣

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

<latexit sha1_base64="3nutFqpXAUotqfoU1MdZCVBibrE="></latexit>

sup
kpk⇤�

p>(⇣ � ⇠)

<latexit sha1_base64="ZtiQT9g9GJJ2imvJvvn+eldQGU4="></latexit>

L(✓>⇣ + ✓0) = L⇤⇤(✓>⇣ + ✓0) = sup
2K

(✓>⇣ + ✓0)� L⇤()



Proof of Lemma 2

57

<latexit sha1_base64="PV7BlTmAczyL9TnRhiwFA3potCs="></latexit>

K = { 2 R : L⇤() < 1}

<latexit sha1_base64="+X2fmIPbuq9EjJ60CEyBc4U6Pqc="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
⇣

sup
2K

(✓>⇣ + ✓0)� L⇤()� �k⇣ � ⇠k

= sup
2K

sup
⇣

inf
kpk⇤�

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

= sup
2K

inf
kpk⇤�

sup
⇣

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)(Sion’s minimax)

<latexit sha1_base64="ZtiQT9g9GJJ2imvJvvn+eldQGU4="></latexit>

L(✓>⇣ + ✓0) = L⇤⇤(✓>⇣ + ✓0) = sup
2K

(✓>⇣ + ✓0)� L⇤()



Proof of Lemma 2

58

<latexit sha1_base64="PV7BlTmAczyL9TnRhiwFA3potCs="></latexit>

K = { 2 R : L⇤() < 1}

<latexit sha1_base64="+X2fmIPbuq9EjJ60CEyBc4U6Pqc="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
⇣

sup
2K

(✓>⇣ + ✓0)� L⇤()� �k⇣ � ⇠k

= sup
2K

sup
⇣

inf
kpk⇤�

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)

= sup
2K

inf
kpk⇤�

sup
⇣

(✓>⇣ + ✓0)� L⇤()� p>(⇣ � ⇠)(Sion’s minimax)

<latexit sha1_base64="HeR4/kiHLRaQ9Qq57nyUpPe2Pv0="></latexit>

= sup
2K

inf
kpk⇤�

✓0 � L⇤() + p>⇠ +

(
0 if ✓ � p = 0

+1 else

<latexit sha1_base64="ZtiQT9g9GJJ2imvJvvn+eldQGU4="></latexit>

L(✓>⇣ + ✓0) = L⇤⇤(✓>⇣ + ✓0) = sup
2K

(✓>⇣ + ✓0)� L⇤()



Proof of Lemma 2

59

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else



Proof of Lemma 2

60

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="CnBtH4uNE6ccFmtgbLvau1/mGLA="></latexit>

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  � 8 2 K

+1 else



Proof of Lemma 2

61

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="CnBtH4uNE6ccFmtgbLvau1/mGLA="></latexit>

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  � 8 2 K

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else



Proof of Lemma 2

62

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="CnBtH4uNE6ccFmtgbLvau1/mGLA="></latexit>

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  � 8 2 K

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="mJYSwEncvEVoa11HY9firfkS16g="></latexit>

sup
⇣

L(✓>⇣ + ✓0)� �k⇣ � ⇠k = sup
2K

inf
k✓k⇤�

(✓>⇠ + ✓0)� L⇤()

= sup
2K

8
<

:

(✓>⇠ + ✓0)� L⇤() if k✓k⇤  �

+1 else

=

8
<

:

sup
2K

(✓>⇠ + ✓0)� L⇤() if sup
2K

k✓k⇤  �

+1 else

=

8
<

:

L(✓>⇠ + ✓0) if lip(L)k✓k⇤  �

+1 else

<latexit sha1_base64="Crw26z3ow2dsNpQuB65ZMI+kLSA="></latexit>

sup
2K

|| = lip(L)



Tractability for Linear Regression

63

<latexit sha1_base64="2YR1MeJ/885vnBzKHbT0KUqDGpY="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤
= inf

✓2⇥

1

N

NX

i=1

L(✓>bxi � byi) + "lip(L)k✓k⇤

<latexit sha1_base64="+A+QBt8F0+Snvz6x1TDcoHqgRp4="></latexit>

Theorem 1. Suppose that c
�
(x, y), (x0, y0)

�
= kx� x0k+ �y=y0 .

If L is convex and Lipschitz, then

[SMK15, GCK17, SKM19, BKM19]



Proof of Theorem 1

64

(Lemma 1)

<latexit sha1_base64="JHtA9jezKvK8We6xe4VWLNJCbts="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤

= inf
✓2⇥
��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(✓>x0 � y0)� �kx0 � xk � ��y0=y

i

= inf
✓2⇥
��0

�"+ EbPN

h
sup

x02Rn
L(✓>x0 � y)� �kx0 � xk

i

= inf
✓2⇥

��lip(L)k✓k⇤

�"+ EbPN

⇥
L(✓>x� y)

⇤

= inf
✓2⇥

"lip(L)k✓k⇤ + EbPN

⇥
L(✓>x� y)

⇤



Proof of Theorem 1

65

(Lemma 1)

<latexit sha1_base64="JHtA9jezKvK8We6xe4VWLNJCbts="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤

= inf
✓2⇥
��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(✓>x0 � y0)� �kx0 � xk � ��y0=y

i

= inf
✓2⇥
��0

�"+ EbPN

h
sup

x02Rn
L(✓>x0 � y)� �kx0 � xk

i

= inf
✓2⇥

��lip(L)k✓k⇤

�"+ EbPN

⇥
L(✓>x� y)

⇤

= inf
✓2⇥

"lip(L)k✓k⇤ + EbPN

⇥
L(✓>x� y)

⇤



Proof of Theorem 1

66

(Lemma 1)

(Lemma 2)

<latexit sha1_base64="JHtA9jezKvK8We6xe4VWLNJCbts="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤

= inf
✓2⇥
��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(✓>x0 � y0)� �kx0 � xk � ��y0=y

i

= inf
✓2⇥
��0

�"+ EbPN

h
sup

x02Rn
L(✓>x0 � y)� �kx0 � xk

i

= inf
✓2⇥

��lip(L)k✓k⇤

�"+ EbPN

⇥
L(✓>x� y)

⇤

= inf
✓2⇥

"lip(L)k✓k⇤ + EbPN

⇥
L(✓>x� y)

⇤

<latexit sha1_base64="kbg2hVFHDW+2zSyMzG88F9j03PM="></latexit>

= inf
✓2⇥
��0

�"+ EbPN

"(
L(✓>x� y) if � � lip(L)k✓k⇤
+1 else

#



Proof of Theorem 1

67

(Lemma 1)

(Lemma 2)

<latexit sha1_base64="JHtA9jezKvK8We6xe4VWLNJCbts="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤

= inf
✓2⇥
��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(✓>x0 � y0)� �kx0 � xk � ��y0=y

i

= inf
✓2⇥
��0

�"+ EbPN

h
sup

x02Rn
L(✓>x0 � y)� �kx0 � xk

i

= inf
✓2⇥

��lip(L)k✓k⇤

�"+ EbPN

⇥
L(✓>x� y)

⇤

= inf
✓2⇥

"lip(L)k✓k⇤ + EbPN

⇥
L(✓>x� y)

⇤



Proof of Theorem 1

68

(Lemma 1)

(Lemma 2)

<latexit sha1_base64="JHtA9jezKvK8We6xe4VWLNJCbts="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(✓>x� y)

⇤

= inf
✓2⇥
��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(✓>x0 � y0)� �kx0 � xk � ��y0=y

i

= inf
✓2⇥
��0

�"+ EbPN

h
sup

x02Rn
L(✓>x0 � y)� �kx0 � xk

i

= inf
✓2⇥

��lip(L)k✓k⇤

�"+ EbPN

⇥
L(✓>x� y)

⇤

= inf
✓2⇥

"lip(L)k✓k⇤ + EbPN

⇥
L(✓>x� y)

⇤



Examples

69

Support Vector 
Regression

Robust 
Regression

Quantile  
Regression
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Least Square 
Regression
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Support Vector 
Machine II

Support Vector 
Machine

Logistic  
Regression

<latexit sha1_base64="TltsL4MgNY1CbaCNqnZtiYgPSM0="></latexit>

lip(L) = 1

<latexit sha1_base64="MPVD+Qi6OOYfdJ+luTDrpYwUb5Q="></latexit>

L(z) = log(1 + exp(�z))
<latexit sha1_base64="NJBT5BAvIEWxixMD1mqO8QD2DD4="></latexit>

L(z) = max{0, 1� z}

<latexit sha1_base64="cDDTEZEza601s095bon++iMJM4w="></latexit>

L(z) =

8
><

>:

1
2 � z if z  0
1
2 (1� z)2 if 0 < z < 1

0 else

<latexit sha1_base64="TltsL4MgNY1CbaCNqnZtiYgPSM0="></latexit>

lip(L) = 1
<latexit sha1_base64="TltsL4MgNY1CbaCNqnZtiYgPSM0="></latexit>

lip(L) = 1



Examples

95

Ideal 
Classification

<latexit sha1_base64="6h4UU9daTpMi8LF3lcfjXBMAPEQ="></latexit>

L(z) =

(
1 if z  0

0 else

<latexit sha1_base64="/41Hm0IoN8UUz8zLtH1njLSmHBo="></latexit>

nonconvex!



Ideal Classification

96

<latexit sha1_base64="E6SiTgzlApNMc7nilVcQmpyMaac="></latexit>

If L(z) = 1z0, then
<latexit sha1_base64="lCczSdLn4S8B3K+Fl3hI1UeBdfc="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(y✓>x)

⇤
= inf

✓2⇥

1

N

NX

i=1

LR(byi✓>bxi) + "k✓k⇤

<latexit sha1_base64="xDky0FT3vgWefA2DrzL7q09hJCE="></latexit>

Theorem 4. Suppose that c
�
(x, y), (x0, y0)

�
= kx� x0k+ �y=y0 .

[H-NW22]

<latexit sha1_base64="xjNSul6zHBx2PgpS+j1kiTl/898="></latexit>

where LR(z) = max{0, 1� z}+max{0,�z}.



Ideal Classification

97

<latexit sha1_base64="E6SiTgzlApNMc7nilVcQmpyMaac="></latexit>

If L(z) = 1z0, then
<latexit sha1_base64="lCczSdLn4S8B3K+Fl3hI1UeBdfc="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(y✓>x)

⇤
= inf

✓2⇥

1

N

NX

i=1

LR(byi✓>bxi) + "k✓k⇤

<latexit sha1_base64="xDky0FT3vgWefA2DrzL7q09hJCE="></latexit>

Theorem 4. Suppose that c
�
(x, y), (x0, y0)

�
= kx� x0k+ �y=y0 .

[H-NW22]

<latexit sha1_base64="xjNSul6zHBx2PgpS+j1kiTl/898="></latexit>

where LR(z) = max{0, 1� z}+max{0,�z}.



Lipschitz Envelope II

98

[SADK22]

<latexit sha1_base64="Qg3rj6xmwLZs4dWEu+KOJwEbYBs="></latexit>

Lemma 4. Let L(z) = 1z0. Then,

<latexit sha1_base64="aK707xHoo22UigkoNrNbJYe1u+Y="></latexit>

sup
⇣2Rn

L(✓>⇣)� �k⇣ � ⇠k = LR

�
�(✓>⇠)/k✓k⇤

�

<latexit sha1_base64="EOS9tLhSea1dDr2v6ViWlKOoY08="></latexit>

for any ✓, ⇠ 2 Rn and � > 0.



Proof of Lemma 4

99

<latexit sha1_base64="TiIHV5JU34/BYHPdFsF0yAIn6Tk="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �

<latexit sha1_base64="1Iw6OnOJ5gidEPdYhWx090aiucc="></latexit>

� ⇣ � ⇠



Proof of Lemma 4

100

<latexit sha1_base64="TiIHV5JU34/BYHPdFsF0yAIn6Tk="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �

<latexit sha1_base64="NA1TQXAPTClvvoIoJdGNmFp/R6Q="></latexit>

=

(
sup
�,�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�



Proof of Lemma 4

101

<latexit sha1_base64="TiIHV5JU34/BYHPdFsF0yAIn6Tk="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �



Proof of Lemma 4

102

(Slater condition)

<latexit sha1_base64="igZQrUzdF0wOHhsz78QRiZkOC3k="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �



Proof of Lemma 4

103

(Slater condition)

<latexit sha1_base64="rhtfOK8Yl6NDW5qf2TIdfh7CC7w="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk⇤�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk⇤�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �



Proof of Lemma 4

104

(Slater condition)

(Sion’s minimax)

<latexit sha1_base64="rhtfOK8Yl6NDW5qf2TIdfh7CC7w="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk⇤�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk⇤�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �



Proof of Lemma 4

105

(Slater condition)

(Sion’s minimax)

<latexit sha1_base64="rhtfOK8Yl6NDW5qf2TIdfh7CC7w="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk⇤�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk⇤�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �

<latexit sha1_base64="uiHkul94Zg5TTRX2zPHY8HXXGMI="></latexit>

= sup
�

inf


kpk⇤�

L(� + ✓>⇠)� � +

(
0 if ✓ � p = 0

+1 else



Proof of Lemma 4

106

(Slater condition)

(Sion’s minimax)

<latexit sha1_base64="rhtfOK8Yl6NDW5qf2TIdfh7CC7w="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(✓>�+ ✓>⇠)� �k�k

= sup
�

(
sup
�

L(� + ✓>⇠)� �k�k

s.t. � = ✓>�

= sup
�

inf


sup
�

L(� + ✓>⇠)� �k�k � � + ✓>�

= sup
�

inf


sup
�

inf
kpk⇤�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf


kpk⇤�

sup
�

L(� + ✓>⇠)� p>�� � + ✓>�

= sup
�

inf
k✓k⇤�

L(� + ✓>⇠)� �
<latexit sha1_base64="cTKU/iDU7v/nfdtdwGCaFzAU3mY="></latexit>

= sup
�

inf
��/k✓k⇤�/k✓k⇤

L(� + ✓>⇠)� �
<latexit sha1_base64="A22fwaL3a/aPpfZTRwxlg+aLL/4="></latexit>

? =
�

k✓k⇤
sgn(�)



Proof of Lemma 4

107

<latexit sha1_base64="O60jSvV/Swq7lq2vaz2Y7YghrP8="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(� + ✓>⇠)� �|�|
k✓k⇤

= sup
�

L(�k✓k⇤ + ✓>⇠)� �|�|

= sup
�

(
1� �|�| if �k✓k⇤ + ✓>⇠  0

��|�| else

=

(
1 if ✓>⇠  0

max{0, 1� � ✓>⇠
k✓k⇤

} else

= LR

�
�(✓>⇠)/k✓k⇤

�



Proof of Lemma 4

108

<latexit sha1_base64="bOLMzk8ODOSaXnEHrIXTH298M8A="></latexit>

�  �/k✓k⇤

<latexit sha1_base64="O60jSvV/Swq7lq2vaz2Y7YghrP8="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(� + ✓>⇠)� �|�|
k✓k⇤

= sup
�

L(�k✓k⇤ + ✓>⇠)� �|�|

= sup
�

(
1� �|�| if �k✓k⇤ + ✓>⇠  0

��|�| else

=

(
1 if ✓>⇠  0

max{0, 1� � ✓>⇠
k✓k⇤

} else

= LR

�
�(✓>⇠)/k✓k⇤

�



Proof of Lemma 4

109

<latexit sha1_base64="O60jSvV/Swq7lq2vaz2Y7YghrP8="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(� + ✓>⇠)� �|�|
k✓k⇤

= sup
�

L(�k✓k⇤ + ✓>⇠)� �|�|

= sup
�

(
1� �|�| if �k✓k⇤ + ✓>⇠  0

��|�| else

=

(
1 if ✓>⇠  0

max{0, 1� � ✓>⇠
k✓k⇤

} else

= LR

�
�(✓>⇠)/k✓k⇤

�



Proof of Lemma 4

110

<latexit sha1_base64="O60jSvV/Swq7lq2vaz2Y7YghrP8="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(� + ✓>⇠)� �|�|
k✓k⇤

= sup
�

L(�k✓k⇤ + ✓>⇠)� �|�|

= sup
�

(
1� �|�| if �k✓k⇤ + ✓>⇠  0

��|�| else

=

(
1 if ✓>⇠  0

max{0, 1� � ✓>⇠
k✓k⇤

} else

= LR

�
�(✓>⇠)/k✓k⇤

�



Proof of Lemma 4

111

<latexit sha1_base64="O60jSvV/Swq7lq2vaz2Y7YghrP8="></latexit>

sup
⇣

L(✓>⇣)� �k⇣ � ⇠k = sup
�

L(� + ✓>⇠)� �|�|
k✓k⇤

= sup
�

L(�k✓k⇤ + ✓>⇠)� �|�|

= sup
�

(
1� �|�| if �k✓k⇤ + ✓>⇠  0

��|�| else

=

(
1 if ✓>⇠  0

max{0, 1� � ✓>⇠
k✓k⇤

} else

= LR

�
�(✓>⇠)/k✓k⇤

�



Ideal Classification

112

<latexit sha1_base64="E6SiTgzlApNMc7nilVcQmpyMaac="></latexit>

If L(z) = 1z0, then
<latexit sha1_base64="lCczSdLn4S8B3K+Fl3hI1UeBdfc="></latexit>

inf
✓2⇥

sup
Q2P

EQ
⇥
L(y✓>x)

⇤
= inf

✓2⇥

1

N

NX

i=1

LR(byi✓>bxi) + "k✓k⇤

<latexit sha1_base64="xDky0FT3vgWefA2DrzL7q09hJCE="></latexit>

Theorem 4. Suppose that c
�
(x, y), (x0, y0)

�
= kx� x0k+ �y=y0 .

[H-NW22]

<latexit sha1_base64="xjNSul6zHBx2PgpS+j1kiTl/898="></latexit>

where LR(z) = max{0, 1� z}+max{0,�z}.



Proof of Theorem 4

113

(Lemma 1)

<latexit sha1_base64="jW5NgT4DVfhZRGg+MU1MVHucwaE="></latexit>

inf
✓

sup
Q2P

EQ
⇥
L(y✓>x)

⇤

= inf
✓

��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(y0✓>x0)� �kx0 � xk � ��y0=y

i

= inf
✓

��0

�"+ EbPN

h
sup

x02Rn
L(y✓>x0)� �kx0 � xk

i

= inf
✓

��0

�"+ EbPN

⇥
LR

�
�(y✓>x)/k✓k⇤

�⇤

= inf
✓

"k✓k⇤ + EbPN
[LR(y✓

>x)]



Proof of Theorem 4

114

(Lemma 1)

<latexit sha1_base64="jW5NgT4DVfhZRGg+MU1MVHucwaE="></latexit>

inf
✓

sup
Q2P

EQ
⇥
L(y✓>x)

⇤

= inf
✓

��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(y0✓>x0)� �kx0 � xk � ��y0=y

i

= inf
✓

��0

�"+ EbPN

h
sup

x02Rn
L(y✓>x0)� �kx0 � xk

i

= inf
✓

��0

�"+ EbPN

⇥
LR

�
�(y✓>x)/k✓k⇤

�⇤

= inf
✓

"k✓k⇤ + EbPN
[LR(y✓

>x)]



Proof of Theorem 4

115

(Lemma 1)

(Lemma 4)

<latexit sha1_base64="jW5NgT4DVfhZRGg+MU1MVHucwaE="></latexit>

inf
✓

sup
Q2P

EQ
⇥
L(y✓>x)

⇤

= inf
✓

��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(y0✓>x0)� �kx0 � xk � ��y0=y

i

= inf
✓

��0

�"+ EbPN

h
sup

x02Rn
L(y✓>x0)� �kx0 � xk

i

= inf
✓

��0

�"+ EbPN

⇥
LR

�
�(y✓>x)/k✓k⇤

�⇤

= inf
✓

"k✓k⇤ + EbPN
[LR(y✓

>x)]



Proof of Theorem 4

116

(Lemma 1)

(Lemma 4)

<latexit sha1_base64="jW5NgT4DVfhZRGg+MU1MVHucwaE="></latexit>

inf
✓

sup
Q2P

EQ
⇥
L(y✓>x)

⇤

= inf
✓

��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(y0✓>x0)� �kx0 � xk � ��y0=y

i

= inf
✓

��0

�"+ EbPN

h
sup

x02Rn
L(y✓>x0)� �kx0 � xk

i

= inf
✓

��0

�"+ EbPN

⇥
LR

�
�(y✓>x)/k✓k⇤

�⇤

= inf
✓

"k✓k⇤ + EbPN
[LR(y✓

>x)]

<latexit sha1_base64="F8/H03u3QVRTX9Yw6Bw4FkuS+X0="></latexit>

✓  �✓/k✓k⇤
<latexit sha1_base64="oSn2Ln9FXV1mhTZV9P6P6CgrEFo="></latexit>

+
<latexit sha1_base64="dIMWrU9mulPIELNHEJPy17s+sj4="></latexit>

� = k✓k⇤



Proof of Theorem 4

117

(Lemma 1)

(Lemma 4)

<latexit sha1_base64="jW5NgT4DVfhZRGg+MU1MVHucwaE="></latexit>

inf
✓

sup
Q2P

EQ
⇥
L(y✓>x)

⇤

= inf
✓

��0

�"+ EbPN

h
sup

(x0,y0)2Rn⇥R
L(y0✓>x0)� �kx0 � xk � ��y0=y

i

= inf
✓

��0

�"+ EbPN

h
sup

x02Rn
L(y✓>x0)� �kx0 � xk

i

= inf
✓

��0

�"+ EbPN

⇥
LR

�
�(y✓>x)/k✓k⇤

�⇤

= inf
✓

"k✓k⇤ + EbPN
[LR(y✓

>x)]

<latexit sha1_base64="F8/H03u3QVRTX9Yw6Bw4FkuS+X0="></latexit>

✓  �✓/k✓k⇤
<latexit sha1_base64="oSn2Ln9FXV1mhTZV9P6P6CgrEFo="></latexit>

+
<latexit sha1_base64="dIMWrU9mulPIELNHEJPy17s+sj4="></latexit>

� = k✓k⇤



Conclusion

118

Regularization = Distributional Robustness



Take Away

119

<latexit sha1_base64="CVzHhOBAOlnm4NmVDWVD0cpig78="></latexit>

inf
✓2⇥

sup
Q2P

EQ [`(✓, ⇠)]

<latexit sha1_base64="aCO22JL6i4+jUQMZea7PZ6ijWMA="></latexit>

P = {Q 2 M(⌅) : Wc(Q,P)  "}



Take Away

120

<latexit sha1_base64="CVzHhOBAOlnm4NmVDWVD0cpig78="></latexit>

inf
✓2⇥

sup
Q2P

EQ [`(✓, ⇠)]

[MK18, ZG18, BM19, GK16, ZYG22]

<latexit sha1_base64="aCO22JL6i4+jUQMZea7PZ6ijWMA="></latexit>

P = {Q 2 M(⌅) : Wc(Q,P)  "}

Step 1
<latexit sha1_base64="9p9y4qPiptpmxAxO/R2ozFtcTdo="></latexit>

sup
Q2P

EQ [`(✓, ⇠)] = inf
��0

�"+ EP

"
sup
⇣2⌅

`(✓, ⇣)� �c(⇣, ⇠)

#



Take Away

121

Step 1

<latexit sha1_base64="CVzHhOBAOlnm4NmVDWVD0cpig78="></latexit>

inf
✓2⇥

sup
Q2P

EQ [`(✓, ⇠)]

<latexit sha1_base64="9p9y4qPiptpmxAxO/R2ozFtcTdo="></latexit>

sup
Q2P

EQ [`(✓, ⇠)] = inf
��0

�"+ EP

"
sup
⇣2⌅

`(✓, ⇣)� �c(⇣, ⇠)

#

<latexit sha1_base64="aCO22JL6i4+jUQMZea7PZ6ijWMA="></latexit>

P = {Q 2 M(⌅) : Wc(Q,P)  "}

Step 2



Take Away

122

Step 1

<latexit sha1_base64="CVzHhOBAOlnm4NmVDWVD0cpig78="></latexit>

inf
✓2⇥

sup
Q2P

EQ [`(✓, ⇠)]

<latexit sha1_base64="9p9y4qPiptpmxAxO/R2ozFtcTdo="></latexit>

sup
Q2P

EQ [`(✓, ⇠)] = inf
��0

�"+ EP

"
sup
⇣2⌅

`(✓, ⇣)� �c(⇣, ⇠)

#

<latexit sha1_base64="aCO22JL6i4+jUQMZea7PZ6ijWMA="></latexit>

P = {Q 2 M(⌅) : Wc(Q,P)  "}

Step 2



References

123

[BK16] J. Blanchet,Y. Kang. Sample out-of-sample inference based on Wasserstein distance. OR, 2021. 
[BKM19] J. Blanchet, Y. Kang, K. Murthy. Robust Wasserstein profile inference and applications to machine learning. JAP, 2019.  
[BM19] J. Blanchet, K. Murthy. Quantifying distributional model risk via optimal transport. MOR, 2019. 
[BMN21] J. Blanchet, K. Murthy, V. A. Nguyen. Statistical Analysis of Wasserstein Distributionally Robust Estimators. Tutorials in OR, 2021.  
[BMZ18] J. Blanchet, K. Murthy, F. Zhang. Optimal transport based distributionally robust optimization: Structural properties and iterative schemes. MOR, 2021.  
[CP18] R. Chen, I. C. Paschalidis. A robust learning approach for regression models based on distributionally robust optimization. JMLR, 2018.  
[G90] M. Gelbrich, On a formula for the L2 Wasserstein metric between measures on Euclidean and Hilbert spaces, MN, 1990. 
[G20] R. Gao. Finite-Sample Guarantees for Wasserstein Distributionally Robust Optimization: Breaking the Curse of Dimensionality. arXiv, 2020.  
[GCK17] R. Gao, X. Chen, A. J. Kleywegt. Wasserstein distributionally robust optimization and variation regularization. arXiv, 2017.  
[GK16] R. Gao, A. J. Kleywegt. Distributionally robust stochastic optimization with Wasserstein distance. arXiv, 2016. 
[GSS15] I. J. Goodfellow, J. Shlens, C. Szegedy. Explaining and harnessing adversarial examples. In ICLR, 2015  
[H-NW20] N. Ho-Nguyen, S. J. Wright. Adversarial Classification via Distributional Robustness with Wasserstein Ambiguity. MP, 2022.  
[MK18] P. Mohajerin Esfahani, D. Kuhn. Data-driven distributionally robust optimization using the Wasserstein metric. MP, 171(1- 2):115–166, 2018. 
[NSKM21] V. A. Nguyen, S. Shafieezadeh-Abadeh, D. Kuhn, P. Mohajerin Esfahani. Bridging Bayesian and minimax mean square error estimation via Wasserstein 
distributionally robust optimization. MOR, 2021.  
[S01] A. Shapiro. On duality theory of conic linear problems. In Semi-infinite Programming. Springer, 2001. 
[SADK22] S. Shafieezadeh-Abadeh, L. Aolaritei, F. Dörfler, D. Kuhn. Optimal Transport Based Distributionally Robust Optimization: Nash Equilibrium and 
Regularization, Working Paper, 2022. 
[SKM19] S. Shafieezadeh-Abadeh, D. Kuhn, and P. Mohajerin Esfahani. Regularization via Mass Transportation. JMLR, 2019.  
[SMK15] S. Shafieezadeh-Abadeh, P. Mohajerin Esfahani, and D. Kuhn. Distributionally robust logistic regression. In NeurIPS 2015. 
[TPJR18] Y. Tian, K. Pei, S. Jana, and B. Ray. Deeptest: Automated testing of deep-neural-network-driven autonomous cars. In ICSE, 2018. 
[TSK2022] B. Taskesen, S. Shafieezadeh-Abadeh, D. Kuhn. Semi-discrete optimal transport: Hardness, regularization and numerical solution, MP, 2022.  
[ZG18] C. Zhao and Y. Guan. Data-driven risk-averse stochastic optimization with Wasserstein metric. ORL, 2018.  
[ZYG22] L. Zhang, J. Yang, and R. Gao. A Simple Duality Proof for Wasserstein Distributionally Robust Optimization. arXiv, 2022.



Optimality of Affine Hypotheses

124



Minimum Mean Square Error Estimator

125

<latexit sha1_base64="cCBGJ/zdWQTTT7qbaKsCGAvFWsQ="></latexit>

J? = inf
h2H

EP

⇥
kh(x)� yk22

⇤

<latexit sha1_base64="TG2mtzQBw0BlKJmiR838AtbOZWQ="></latexit>

H = {h : Rn ! R
m}



Minimum Mean Square Error Estimator

126

<latexit sha1_base64="cCBGJ/zdWQTTT7qbaKsCGAvFWsQ="></latexit>

J? = inf
h2H

EP

⇥
kh(x)� yk22

⇤

Optimizer: 

Optimal value:

<latexit sha1_base64="c84kFiGXma8660h/DLJXK9FAKuk="></latexit>

h?(x) = EP[y | x]

<latexit sha1_base64="7LXKG24/s8Xo9Ujmi0TRy4IlcVA="></latexit>

J? = Tr (COVP[y | x])



Optimizer: 

Optimal value:

MMSE under Normality

127

<latexit sha1_base64="cCBGJ/zdWQTTT7qbaKsCGAvFWsQ="></latexit>

J? = inf
h2H

EP

⇥
kh(x)� yk22

⇤
<latexit sha1_base64="UtXo4xoNdXBJpFtLoIifsatEYwo="></latexit>

P = N (µ,⌃)
<latexit sha1_base64="AKxdHTNDzumagK1FfRSMNE1LZ94="></latexit>

&

<latexit sha1_base64="c84kFiGXma8660h/DLJXK9FAKuk="></latexit>

h?(x) = EP[y | x]

<latexit sha1_base64="7LXKG24/s8Xo9Ujmi0TRy4IlcVA="></latexit>

J? = Tr (COVP[y | x])

<latexit sha1_base64="UUR56G0NDlz7Qu+N61sEF9FAy6w="></latexit>

h?(x) = ⌃yx⌃
�1
xx (x� µx) + µy

<latexit sha1_base64="R5/SrtT1/mTm9BLi/4VA8pZuHCs="></latexit>

J? = Tr
⇥
⌃yy � ⌃yx⌃

�1
xx⌃xy

⇤



MMSE under Normality

128

<latexit sha1_base64="cCBGJ/zdWQTTT7qbaKsCGAvFWsQ="></latexit>

J? = inf
h2H

EP

⇥
kh(x)� yk22

⇤



MMSE under Normality

129

<latexit sha1_base64="cCBGJ/zdWQTTT7qbaKsCGAvFWsQ="></latexit>

J? = inf
h2H

EP

⇥
kh(x)� yk22

⇤



Distributionally Robust MMSE Estimator

130

<latexit sha1_base64="RCzucJB48XM/cT+X2S50uj5/RJw="></latexit>

inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

<latexit sha1_base64="KyQWi1yIwE14H8jy99XQvLfSBZA="></latexit>P
<latexit sha1_base64="UtXo4xoNdXBJpFtLoIifsatEYwo="></latexit>

P = N (µ,⌃)

<latexit sha1_base64="yTp0l/MOGW3qHjEXVaFPCRaskzw="></latexit>

P = {Q 2 M(X⇥ Y) : Wc(Q,P)  "}



Distributionally Robust MMSE Estimator

131

<latexit sha1_base64="RCzucJB48XM/cT+X2S50uj5/RJw="></latexit>

inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

<latexit sha1_base64="KyQWi1yIwE14H8jy99XQvLfSBZA="></latexit>P

<latexit sha1_base64="Jb2FaNmWQer+Q4wN0Cq03cLe6nI="></latexit>

c
�
(x, y), (x0, y0)

�
= k(x, y)� (x0, y0)k22

<latexit sha1_base64="UtXo4xoNdXBJpFtLoIifsatEYwo="></latexit>

P = N (µ,⌃)

<latexit sha1_base64="yTp0l/MOGW3qHjEXVaFPCRaskzw="></latexit>

P = {Q 2 M(X⇥ Y) : Wc(Q,P)  "}



Gelbrich Bound

132

<latexit sha1_base64="Ldw4Y3HuXRLLcsPYD5Fx13OBns0="></latexit>

Lemma 5. For any Q1 ⇠ (µ1,⌃1) and Q2 ⇠ (µ2,⌃2), we have

<latexit sha1_base64="rem8ErDfraDdciwgNRj3/HRfhpk="></latexit>

Wc (Q1,Q2) � kµ1 � µ2k2 +Tr


⌃1 + ⌃2 � 2

⇣
⌃

1
2
2 ⌃1⌃

1
2
2

⌘ 1
2

�

[G90]



Gelbrich Bound

133

<latexit sha1_base64="Ldw4Y3HuXRLLcsPYD5Fx13OBns0="></latexit>

Lemma 5. For any Q1 ⇠ (µ1,⌃1) and Q2 ⇠ (µ2,⌃2), we have

<latexit sha1_base64="89vZKgZ3N1faCqFoXj0qZCjHEjk="></latexit>

Tight under Normality.

<latexit sha1_base64="rem8ErDfraDdciwgNRj3/HRfhpk="></latexit>

Wc (Q1,Q2) � kµ1 � µ2k2 +Tr


⌃1 + ⌃2 � 2

⇣
⌃

1
2
2 ⌃1⌃

1
2
2

⌘ 1
2

�

[G90]



Gelbrich Bound

134

<latexit sha1_base64="Ldw4Y3HuXRLLcsPYD5Fx13OBns0="></latexit>

Lemma 5. For any Q1 ⇠ (µ1,⌃1) and Q2 ⇠ (µ2,⌃2), we have

<latexit sha1_base64="89vZKgZ3N1faCqFoXj0qZCjHEjk="></latexit>

Tight under Normality.
<latexit sha1_base64="G5RusJAt8Y+HSGeKk2ad/xO6/+M="></latexit>

G(Q1,Q2)

<latexit sha1_base64="rem8ErDfraDdciwgNRj3/HRfhpk="></latexit>

Wc (Q1,Q2) � kµ1 � µ2k2 +Tr


⌃1 + ⌃2 � 2

⇣
⌃

1
2
2 ⌃1⌃

1
2
2

⌘ 1
2

�

[G90]



Gelbrich Ambiguity Set

135

<latexit sha1_base64="q5DQBANrvBFv5RLr21TgxCci8uA="></latexit>

G = {Q 2 M(X⇥ Y) : G(Q,P)  "}

<latexit sha1_base64="yTp0l/MOGW3qHjEXVaFPCRaskzw="></latexit>

P = {Q 2 M(X⇥ Y) : Wc(Q,P)  "}



Useful Inequalities

136

<latexit sha1_base64="9NLvOW37S0Eig7ptHEjWIM8dQ+A="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
 sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤

 inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤



<latexit sha1_base64="9NLvOW37S0Eig7ptHEjWIM8dQ+A="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
 sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤

 inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤

Useful Inequalities

137

(restriction) 



<latexit sha1_base64="9NLvOW37S0Eig7ptHEjWIM8dQ+A="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
 sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤

 inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤

Useful Inequalities

138

(restriction) 

(Lemma 5) 



<latexit sha1_base64="9NLvOW37S0Eig7ptHEjWIM8dQ+A="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
 sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤

 inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤

Useful Inequalities

139

(restriction) 

(Lemma 5) 

(weak duality) 



Useful Inequalities

140

(weak duality) 

(restriction) 

(restriction) 

(Lemma 5) 

<latexit sha1_base64="9NLvOW37S0Eig7ptHEjWIM8dQ+A="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
 sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤

 inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤

 inf
h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤



Sandwich Theorem

141

<latexit sha1_base64="nQm9bbfBz2XMALU1Sln4EhFjOns="></latexit>

Theorem 5. We have

[NSKM21]

<latexit sha1_base64="lhHu8HXUlCnpF6/tNFMyPpUZN+0="></latexit>

sup
Q2P\N

inf
h2H

EQ

⇥
kh(x)� yk22

⇤
= inf

h2A

sup
Q2G

EQ

⇥
kh(x)� yk22

⇤



Optimality of Affine Estimators

142

<latexit sha1_base64="MHKlUu6ZaMxPv6ppBynuyoS8OXY="></latexit>

Q? is Normal
<latexit sha1_base64="Xzzr/piglhj/PMfo5DNVUh7VHNs="></latexit>

h? is a�ne

<latexit sha1_base64="AWEDud7Tkvfpl3SlveNqFoR5s5M="></latexit>

h? = argmin
h2H

EQ?

⇥
kh(x)� yk22

⇤

<latexit sha1_base64="EPMnQukuWCBHLzpJ1FzqLK2LMms="></latexit>

inf
h2H

sup
Q2P

EQ

⇥
kh(x)� yk22

⇤
= sup

Q2P
inf
h2H

EQ

⇥
kh(x)� yk22

⇤


