Regularization via Optimal
Transport
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Failure Examples: Overfitting




Failure Examples: Adversarial Attack [GsSi15)
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Failure Examples: Fake Data
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Fake Reviews and Inflated Ratings Are Still a Problem
for Amazon

Sellers are taking advantage of the online-shopping frenzy, using old and new methods to boost
ratings on products

By Nicole Nguyen UPCOMING EVENTS %
June13,20218:28 am ET
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A charging brick recently caught my eye on Amazon. AMZN -296% VIt (G The Future Of Health

was a RAVPower-branded two-port fast charger, and it had five stars 2021
with over 9,800 ratings. The score seemed suspect but Amazon itself




Failure Examples: Domain Change [TPJR1S]
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Distributionally Robust Optimization

inf sup
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Supervised Learning
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Supervised Learning
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Supervised Learning

Input — —
r e X

Training data: =y = (71, 11),

Hypothesis space:

C {h €

11

X}

il?NJJN

Output
y e Y



Supervised Learning

r € X y €Y

Training data: =y = (z1,v1),... (TN, YN)

Hypothesis space: H C {h & X}

Target function: f(z)~ h(z)
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Supervised Learning

r € X y €Y

Training data: =y = (z1,v1),... (TN, YN)

Hypothesis space: H C {h & X}

Target function: f(z)~ h(z)

Learning algorithm: inf ¢(h,=y)

hell
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Regression Models

Target function: f(z) = h(x)
N

1
Empirical risk minimization: /(h,=y) = ~ E L(h(x;) — y;)
i=1
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Regression Models

Target function: f(z) = h(x)

- . e e ~ 1 oy~
Empirical risk minimization: ¢(h,=y) = ~ Z L(h(x;) — ;)
i=1
Robust Regression
3 |
< Huber Loss:
1.2 ' <
L(z) = 52 1 if |z] <6
(J]z| — 50) else



Regression Models

Target function: f(z) = h(x)

S

1 N .
Empirical risk minimization: /(h,=y) = ~ E L(h(x;) — y;)
i=1

Support Vector Regression

W e-insensitive Loss:

L(z) = max{0, |z]| — ¢}




Regression Models

Target function: f(z) = h(x)
N

1
Empirical risk minimization: /(h,=y) = ~ E L(h(x;) — y;)
i=1

Quantile Regression

- w Pinball Loss:
L(z) = max{—7z,(1 — 1)z}



Classification Models

Target function: f(r) = sgn(h(x))
N
- 1
Empirical risk minimization: ((h,Zy) = + > L(yih(7)))
1=1
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Classification Models

Target function: f(r) = sgn(h(x))
N
- 1
Empirical risk minimization: ((h,Zy) = + > L(yih(7)))
1=1

Ideal Classification

- 0-1 Loss:

L(z){l if 2 <0

0 else




Classification Models

Target function: f(r) = sgn(h(x))
N
- 1
Empirical risk minimization: ((h,Zy) = + > L(yih(7)))
1=1

Support Vector Machine

W Hinge Loss:
L(z) = max{0,1 — z}




Classification Models

Target function: f(r) = sgn(h(x))

N
- . e e = 1 P
Empirical risk minimization: ((h,=y) = ~ ZL(yzh(af@))
i=1
Support Vector Machine 11
o ,
=3 Smooth Hinge Loss:
% — z it 2 <0
Lz)=¢=2(1-2)* f0<z<1
0 else




Classification Models

Target function: f(r) = sgn(h(x))
N
- 1
Empirical risk minimization: ((h,Zy) = + > L(yih(7)))
1=1

Logistic Regression

W Logloss:

L(z) = log(1 + exp(—2z))




Performance of ERM

hErv = argmin — L(h
Z

In-Sample Loss:
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Performance of ERM

hERM — argmm — L ?/J\z
gmin y 305

In-Sample Loss: Out-of-Sample Loss:

p [L(R(z), ),
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Performance of ERM

hErv = argmin — L(h
Z

In-Sample Loss:




Regularized ERM

G = argmin. Z L(h(@:), 5:) +HESUD);

heH l \
Regularization

coefficient Regularization
function
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Regularized ERM

G = argmin. Z L(h(@:), 5:) +HESUD);

heH l \
Regularization

coefficient Regularization
function

12r

10




Regularized ERM

ILEARNING

FrROM
DATA

“Most of the regularization methods used
successfully in practice are heuristic methods.”
e —— - - . R

Abu-Mostata et al., 2012. b

;
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Regularization via Optimal Transport

f sup Eq[L(h
juf sup Eq [L(h(z),y)
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Regularization via Optimal Transport
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The Real Story Behind the Success

. Statistical
Regularization
[SMK15, GCK17, CP18, Guarantees
BMZ18, BKM19, SKM19] [SMK15, MK18, BKM19,

SKM19, G20, BMN21]}
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Optimal Transport: Old and New

B -
Monge Hitchcock Kantorovich-Koopmans Vaserstein Brenier Villani Figalli
Nobel “75 Fields ‘10 Fields ‘18
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Applications

KColor Histogram [PPClO]\

ﬂ?omputer Graphics [LSlS]\

I'(x) I

éenerative Models [ACB 1%

Statistical Inference

/

f Text Classification \

[HGKSSW16]
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™ o
THE DISTRIBUTION OF A PRODUCT FROM SEVERAL
SOURCES TO NUMEROUS LOCALITIES

Br Fnaxk L. Hrroscoes 1941

1. Statement of the problem. When several factories supply & prod-
uet to w number of citics we desire the lesst costly manuer of distribu-

What is Optimal Transport?

to a particular cily will vary uccording to which [aetory suppliex it,

o < / and will also vary from city 1o «ily.
inf Cxle(&, &

= = OPTIMUM UTILIZATION OF THE TRANSPORTATION
%% D) — TeM(ZE,= SYSTEM* 1949
C )

by Tjalling C. Koopmans
S t 7T E I I -D Professor of Economics, The University of Chicago, and Research Associate,
° ° 7

Cowles Commission for Research in Ecomomics

The purpose of this paper is to give an application of the theory of
optimum allocation of resources to one particular industry. I shall,
therefore, not speak on that- theory in general. T shall use one of its

34



Optimal Transport Ambiguity Set

P —{Qe M

" xY) : W.(Q,

39




Optimal Transport Ambiguity Set

P={Qe MR"xY): W.(Q,Py) <e}

discrete OT is easy!

semi-discrete O'T is hard!
[TSK2022]
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Optimal Transport Ambiguity Set

P={Qe MR"xY): W.(Q,Py) <e}
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Tractability for Linear Regression

Theorem 1. Suppose that ¢((z,y), (z/,y")) = ||z — /|| + dy=y-

If L is convex and Lipschitz, then

n T, + T
912(%(8221703 o [L(0 "« = ngcf_) N ZL (0" x; —y;) +elip(L)||0]|

[SMK15, GCK17, SKM19, BKM19]
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Tractability for Linear Regression

Theorem 1. Suppose that ¢((z,y), (z/,y")) = ||z — /|| + dy=y-

If L is convex and Lipschitz, then

n T, + T
912(%(8221703 o [L(0 "« = ngcf_) N ZL (0" x; —y;) +elip(L)||0]|

size of
ambiguity set

Lipschitz modulus
of loss function

[SMK15, GCK17, SKM19, BKM19] dual norm of

20 norm used 1n c



Semi-infinite Duality

Lemma 1. Let P = {Q € M(Z) : W.(Q,Py) <e}. If ¢(£,€) =0

for all £ € = and € > 0, then

To[I(6)] = inf Ae + E-
Sup ol(§)] = inf e + s

IMK18, ZG18, BM19, GK16, ZYG22]
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Proof of Lemma 1

. M(E
sup Eg [I(¢)] =¢ M)
QeP
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Proof of Lemma 1

up / 1(6)Q(de)

. M= =
sup Eq [I(€)] peMi=) - Jes

QeP R
S.T. WC(@,]P)N) <

Sup / 1(£)Q(de)
QeM (=) =
TeEM(EXE)

S.tT. m e 1l @ IP)N)

/E_/gé_ (€, €)m(de, de') <



Proof of Lemma 1

. M(E
sup Eq [I(€), weMi=)
QeP
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Proof of Lemma 1

sup
Q;, eM(E)

sup Eq [1(§)] = Z
QeP
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||'Mz
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«n\
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Proof of Lemma 1

sup
Q;, eM(E)

sup Eq [1(§)]
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Proof of Lemma 1

sup
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Proof of Lemma 1

sup Eq [I(§)] < ¢ ser”

QeP
S.T. —C(f, gz)

N
it A ;
go E—I—;S
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Proof of Lemma 1

Sup
QeP

o [L(8)]

int
A>0
SERN

S.1.

int

A>0
SERN

S.1.

1=1
\ .
Nc(ga gz)

N
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Proof of Lemma 1

N
it A ;
)1\1%0 E T Z S
sup Eqg [1(£)] < scRN 1=1
QeP
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Proof of Lemma 1

sup o [I(§)] < § ser” . 1
st =e(€6) + s > (S
N
= inf A Ngggg I(§) — Ac(, &)
= fnf Ae+E5 | supI(C) = Ac(¢, )

N
inf A\ i
)1\1;0 84—;5
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Proof of Lemma 1

N
1=1

A>0
sup Eq [I($)I(K) ser™
QeP A\ R 1
S.t. Nc(f,fz) + 5; > NI
N

o1




Semi-infinite Duality

Lemma 1. Let P = {Q € M(Z) : W.(Q,Py) <e}. If ¢(£,€) =0

for all £ € = and € > 0, then

To[I(6)] = inf Ae + E-
Sup ol(§)] = inf e + s

IMK18, ZG18, BM19, GK16, ZYG22]

D52



Lipschitz Envelope

Lemma 2. Let L : R — R be a convex and Lipschitz function.
Then,

sup L(0' ¢+ 6p) — A|¢ =& =

(ER™ + 00 else

{L<9T§+90> if lip(L)[|0]. < A

for any 0,6 € R™, 0y € R and A > 0.

[SKMT19]
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Proof of Lemma 2

LO"C+00)=L"*0"C+0y) =sup (' C+6y) — L*(k)
KEIC

K={keR:L" (k) < oo}
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Proof of Lemma 2

LO"'C+00) =L+ 6p) = SU.E k(0" C+0y) — L*(k)
KE

K={keR:L" (k) < oo}

Slép LO"C+6y) — )¢ =€ = Slép 51612 k(6 ¢ +6p) — L* (k) — A|¢ — €]
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Proof of Lemma 2

LO"'C+00) =L+ 6p) = SU.E k(0" C+0y) — L*(k)
KE

K={keR:L" (k) < oo}

sup L(0' ¢ +60) — Al|¢ — & =sup sup (0 ¢+ 6) — L*(k) —
G C KEIC

— sup sup Inf K(QTC + 90) — L*(li) —pT(C — f)

kel ¢ lIpl[«<A

56
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Proof of Lemma 2

LO"'C+00) =L+ 6p) = SU.E k(0" C+0y) — L*(k)
KE

K={keR:L"(k) < oo}

Slép LO"C+6y) — )¢ =€ = Slép 51612 k(6 ¢ +6p) — L* (k) — A|¢ — €]

— sup sup Inf K(QTC + 90) — L*(li) —pT(C — f)
KeEK (¢ [P« <A

(Sion’s minimax) = sup inf sup /1(6’TC +6p) — L™ (k) — ' (C — &)
kel llpll«<A ¢
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Proof of Lemma 2

LO"'C+00) =L+ 6y = Sup k(0" C+0y) — L*(k)
-

K={keR:L" (k) < oo}

Slép LO"C+6y) — )¢ =€ = Slép 51612 k(01 C+00) — L* (k) — AIC = £
— sup sup inf /{(HTC + 6g) — L™ (k) —pT(C — &)
kel ¢ Pl <A

(Sion’s minimax) = sup inf kfy— L*(k) + pr -
keI Pl <A

0 if kd —p =20

+o00 else
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Proof of Lemma 2

sup L(0' ¢+ 6o) — A||¢ — & = sup

kR(OTE+0y) — L* (k) if [|kO« < A
G KEK

+00 else
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Proof of Lemma 2

sup L(0' ¢+ 6o) — A||¢ — & = sup

kR(OTE+0y) — L* (k) if [|kO« < A
G KEK

+00 else
{Sup k(0'E+6p) — L (k) if ||kO|l. < AVk €K
_ KEIC

+ 00 else
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Proof of Lemma 2

sup L(0' ¢+ 6o) — A||¢ — & = sup

kR(OTE+0y) — L* (k) if [|kO« < A
G KEK

+00 else

KkeEIC

{Sup k(0'E+6p) — L (k) if ||kO|l. < AVk €K

+ 00 else

KeEIC KEIC

{Sup k(0" E+0y) — L* (k) if sup |[|kO]« < A

+00 else
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Proof of Lemma 2

sup L(0' ¢+ 6o) — A||¢ — & = sup

kR(OTE+0y) — L* (k) if [|kO« < A
G KEK

+00 else

KkeEIC

{Sup k(0'E+6p) — L (k) if ||kO|l. < AVk €K

+00 else

KeEIC KEIC

{Sup k(0" E+0y) — L* (k) if sup |[|kO]« < A

+00 else

sup |k| = lip(L) | =
KEK

{L(HTS +6o) it lip(L)[[0][« < A

400 else
62



Tractability for Linear Regression

Theorem 1. Suppose that ¢((z,y), (z/,y")) = ||z — /|| + dy=y-

If L is convex and Lipschitz, then

n T, + T
912(%(8221703 o [L(0 "« = ngcf_) N ZL (0" x; —y;) +elip(L)||0]|

[SMK15, GCK17, SKM19, BKM19]
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Proof of Theorem 1

inf sup Eg [L(HT:U — )]

0cO QeP

(Lemma 1) = inf A\e + E; sup
HEO e
S - (z/,y")ER™ XR

A>0

64




Proof of Theorem 1

inf sup [Eg [L(HT:C — )]

e QeP
(Lemma 1) = inf Ae + 4:@1\7 sup
S0 - (a7,y) ER™ XR

= inf Ae + 5 _ sup L(0'z' —y) —

P
R
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Proof of Theorem 1

inf o (L0 2 —
jnf sup o L0 = —y)]

inf Ae + K- sup

(Lemma 1)

A>0

= inf A +E: [ sup LOTa' —y) — A2’ — ]|

P
g e

(Lemma 2)

0O

O
A>0 i

“P
0cO N - (x/,y’)ER™ xR

(LT x —
inf Ae +Eg { 07z =)
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Proof of Theorem 1

inf o [L(0 z —
inf sup Bq [L(0" 2 —)

inf Ae + Es Ssup

(Lemma 1)

A>0

P
s e

(Lemma 2)

0€6 PN
A>1ip(L)||0]]

“P
0cO N - (x/,y’)ER™ xR

inf Ae 4 s | sup L(0'z' —y) —

inf A+ B [L(0 2z —y)]
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Proof of Theorem 1

inf sup Eq [L(0 2 —y)]

e QePp
(Lemma 1) = intf Ae + E; SUp
gez% . (z’,y")eR™ xR
— Hig(g AE + 41@]\, §1111§n L(QTxl — ) — Al|z
AS0 -’ €
(Lemma 2) = inf  Ae+ 5 L0z —y)]
A>lip(L) [0«

int elip(L)||0| . + E=
ng@elp( )H H T P
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Examples

Robust
Regression

L(z) = {2'2 * lel =0

2| — 20) else

lip(L) =6

Support Vector
Regression

L(z) = max{0, |z]| — ¢}

lip(L) =1

69

Quantile

Regression
L(z) =max{—72z,(1 —7)z}

lip(L) = max{7,1 — 7}



Examples

Least Square
Regression

L(z) = 2°

70



Least Squares Regression

Theorem 2. Suppose that ¢((z,y), (z/,y")) = ||z — 2'||* + dy=y -

If L = 2°, then

] <« 2
inf o L0 "2 =) = | inf | = L1077 g,
inf sup Eq [L(0" 2 —y)] = | inf \N; (G:077) + Vello|

[BKM19]
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Moreau Envelope

Lemma 3. Let L(z) = 2°. Then,

A

sup L(OT¢+60p) = M[¢ =¢)> = A= lI9]]2

CER™

for any 6, & €

[BKM19, SADK22]

R™, 0y €

—+ 0O

R and A > 0.

72

L(07 &+ 60) if [|0]7 < A

else



Proof of Lemma 3

s%p L6 ¢ +6p) — A|C — €))7

(A—c—¢] =sup LO"A+0"¢+60) — NA|?
A

73



Proof of Lemma 3

s%p L6 ¢ +6p) — A|C — €))7
= sup LIOTA+07¢406) — MA|?
sup  L(v+0T¢+8) — M|A?
B { ot = 0TA

74



Proof of Lemma 3

s%p L6 ¢ +6p) — A|C — €))7

=sup L(O0'A+0"¢+6p) — AA|
A

sup L(y+0"¢+0y) — M|A]]?
— Sup A
9 S.t. v = H' A

75



Proof of Lemma 3

s%p L6 ¢ +6p) — A|C — €))7

=sup L(0'A+0"&46) — A

A
sup  L(y+0"¢+60) — A|A|?
—sup{ A
Y st. vy=0"A

(Slater condition) = sup inf sup L(W + HTf + (90) — )\HAHQ — RY + kO A
vy A
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Proof of Lemma 3

s%p L6 ¢ +6p) — A|C — €))7

—=sup L(0'A+40"&+6p) — A|A

A
sup  L(y + 0"+ 60) — A A3
—sup<{ A
Y st. vy=0"A
(Slater condition) = sup inf sup L(W + HTf + (90) — )\HAHQ — RY + kO A
vy A

(Holder inequality) < sup inf sup L(v+60'&+60p) — A|A]|Z — kv + [|&0]|]| A
y 0 A

77



Proof of Lemma 3

sup L(0' ¢+ 00) — \||< — €7

¢

=sup L(O'A+0"¢+00) — M|A]7
A

sup  L(y+0"¢+60) — A[A]?

— sup A

Y st. vy=0"A
(Slater condition) = sup inf sup L(vy + QTS + 6py) — )\HAHQ — RY + kO A

y oA

(Holder inequality) = sup inf sup L(y+60' &+ 60y) — A||A]|? — kv + [|x0]]4||A]]
v M A

r

|A™]] =

.

.
[<01]-
o\
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Proof of Lemma 3

sup L(0' ¢+ 00) — \||< — €7

¢

=sup L(O'A+0"¢+00) — M|A]7
A

sup  L(y+0"¢+60) — A[A]?

— sup A

Y st. vy=0"A
(Slater condition) = sup inf sup L(vy + QTS + 6py) — )\HAHQ — RY + kO A

y oA

sup inf sup L(y+ 0" &+ 600) — MJA[]® — wy + [[k0[|. | A
N

(Holder inequality)

|K0]2 = 20

K p—
1012

= sup Inf L(7+9T§+6’0) — Ky 5 L
vy aY
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Proof of Lemma 3

)\*yz

sup L(0' ¢ +00) — A[¢ —¢[* = sup L(y+0"¢)
Y

¢ 1911
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Proof of Lemma 3

A\y?

SUp L0 ¢+ 60) — A|¢ — €] =sup L(y+60'¢) TE
Y *

= 2

({W et 1T <o) sup (y+0"'¢)? )\Wz

_ unbounded  else y Y ||(9H>I<

81



Proof of Lemma 3

Sup L(O"¢+6p) — A|C—¢|)> =sup L(y+6'¢)
Y

=sup (y+0'¢)?

|
>
\
>
* N
N\

82




Least Squares Regression

Theorem 2. Suppose that ¢((z,y), (z/,y")) = ||z — 2'||* + dy=y -

If L = 2°, then
2

N
1
. 4: T o _ s T =

[BKM19]
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Proof of Theorem 2

inf sup Eg [L(HT:C — )]

0cO QeP

(Lemma 1) = inf Ae + K5 Sup
HEO e
S - (27,y’) ER™ xR

A>0

84




Proof of Theorem 2

inf sup Eg [L(HT:U — y)}

0cO QeP
(Lemma 1) = Qin(g Ae+Ep sup  L(0'2' —y') = Mz' — z||* — A=,
>0 - (27,y’) ER™ xR -

— ng(g \E + 4:@]\7 §upn L(@Tx/ _ y) — )\Haj’ . ;EHZ
>0 -’ R i

895



Proof of Theorem 2

inf sup Eg [L(HT:U — y)}

e QeP
(Lemma 1) = Qin(g Ae+Ep sup  L(0'2' —y') = Mz' — z||* — A=,
>0 - (27,y’) ER™ xR -
— eigcfa Ae+Eg sup L0 "z —y) — A2’ — z||?
NS>0 -’ €R -
i A T, : 2
(Lemma 3) — inf >\5‘|— 4:@ >\—||6’H3L((9 X y) it A\ > H@H*
§€>(8 N - +oo else ]
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Proof of Theorem 2

(Lemma 1)

(Lemma 3)

inf sup

o [L(0' 2 —y)]

0coO QeP

inf M\e +

0cO
A>0

inf A\e +

0cO
A>0

int
0cE
A>0]]2

A\E

Ve sup

_ .CU/ ERTL

A

I 4

IR

- (x/,y’)ER™ xR

7| sup L'z —y)

L " —y) = Az’ — 2] = Ay—,

~

VE&, L0z —y)]

— Al — 2>
§

L0z —y)] N
\_

87
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Proof of Theorem 2

(Lemma 1)

(Lemma 3)

inf sup Eg [L(HT:C — )]

0coO QeP

inf e + K-

“P
0eO a - (z’,y’)eER™ xR

A>0

inf \e+E- | sup L0z —y) — ||’ —xHQ:

sup

e e L o/ €Rn

A>0
A

inf e A

b6 A —[[0]]3

A>10]]3

L " —y) = Az’ — 2] = Ay—,

inf (VEllOl. +



Tractability for Linear Classification

Theorem 3. Suppose that ¢((z,y), (2/,y")) = ||z — /|| + dy=y-

If L is convex and Lipschitz, then

n 1 1 =
inf sup Eq L(y0' )] = inf — ZL (5:07 %) + elip(L)]|0)]|.

[SMK15, GCK17, SKM19, BKM19]
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Proof of Theorem 3

inf sup Eq [L(y0 )]

0O QeP
(Lemma 1) = inf e + E; sup  L(y'0'x') — Mz’ — 2| — Ny,
e N -(a?’,y’)ER” <R _

A>0
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Proof of Theorem 3

inf sup Eq [L(y0 )]

e QeP
(Lemma 1) — Qin(g Ae +Ep sup  L(y'0'x') — Mz’ — 2| — Ny,
)\EZO - (z',y’)ER™ xR ‘

= Qigg Ae+ Eg | %Ign L(yd' 2" — ||’ —a:'H
A>0 E
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Proof of Theorem 3

inf sup Eq [L(y0 )]

e QeP
(Lemma 1) = 9125 Ae + Eg ~ sup Liy'0"z") — Nz’ — x| — Aéy/:y_
AS>0 - (x/,y’)ER™ xR
- \ _ 1 7 / _
= ngcf_) e+ Es ;16111[5” L(y0 x') — A\||x" — a:'H

A>0

(Lemma 2)

: } T
912({; Ae + Eg L(y0 ' x)
A>lip(L) |10 «
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Proof of Theorem 3

inf sup Eq [L(y0 )]

e QeP
: § | T ]
(Lemma 1) = 9125 Ae + Eg » y'S)lé]i%anL(y/e ') — Az — x| — Aéy/:y_
A>0 ’
= Higg Ae+ Eg ;glgn L(y0'z') — Az’ — a:'H
A>0
_ ° N T
(Lemma 2) = 9125) AE + U5 [L(yé’ .CC)}
A>lip(L)[| 6]

: : " T
inf elip(L)[[0]l« + B |L(y0 " 2)]

93



Examples

Support Vector
Machine

L(z) = max{0,1 — z}

lip(L) =1

Support Vector
Machine 11

— z it z <0
L(z)=¢3(1—-2)* if0<z<1

else

lip(L) =1

94

Logistic
Regression

L(z) = log(1 + exp(—=2))

lip(L) =1




Examples

Ideal
Classification

1 ifz<0

0 else

nonconvex!
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Ideal Classification

Theorem 4. Suppose that ¢((z,y), (2/,y")) = ||z — /|| + dy=y-

If L(Z) — ﬂZSO, then

n 1 1T =~
inf sup Eq L(y0 )] = inf = ZLR v:0 ' T;) + 0]l

where Lr(z) = max{0,1 — z} + max{0, —z}.

[H-NW22]
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Ideal Classification

Theorem 4. Suppose that ¢((z,y), (2/,y")) = ||z — /|| + dy=y-

If L(Z) — ﬂZSO, then

n 1 1T =~
inf sup Eq L(y0 )] = inf = ZLR v:0 ' T;) + 0]l

where Lr(z) = max{0,1 — z} + max{0, —z}.

[H-NW22]
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Lipschitz Envelope 11
Lemma 4. Let L(z) = 1,.<p. Then,

sup L(07¢) = A|C—&| = Lr(AOTE)/110]-)

GeER™

for any 0,& € R™ and A > 0.

[SADK22]
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Proof of Lemma 4

SUp L6 ¢) = Al¢ =&l = Sup LO A+0607¢) = MA] (pecd
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Proof of Lemma 4

sup L(97¢) = All¢ — €] = sup L(6TA+67¢) = Al

G
{ sup  L(y+0'¢) = AJA]
— A’»)/

s.t. y=0"A
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Proof of Lemma 4

SUp L6 ¢) = Al¢ =&l = Sup LIO'A+0"¢) = XA

A

= Sup
s.t. y=0"A

Y

{ sup  L(y+0"&) — A|A]]
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Proof of Lemma 4

SUp L6 ¢) = Al¢ =&l = Sup LIO'A+0"¢) = XA

A
s.t. y=0"A

(Slater condition)= sup inf sup L(y+ 6" &) —@\HA\D— Ky + kO A
y A

= sup
Y

{ sup  L(y+0"&) — A|A]]
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Proof of Lemma 4

Sup L(0 " ¢) — All¢ =< = sup L A+0 &)= MA|

A
st. y=0"A

(Slater condition) = sup inf sup L(y+60 &) = M|A|| —rky+ kO A
vy oA

= sup
N

{ sup  L(y+07¢) = AJA]

=sup inf sup inf L(y+ «9T§) —p'A—ky+ kO A
~ K A P« <A
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Proof of Lemma 4

Sup L(0 " ¢) — All¢ =< = sup L A+0 &)= MA|

A
st. y=0"A

(Slater condition) = sup inf sup L(y+60 &) = M|A|| —rky+ kO A
vy oA

= sup
N

{ sup  L(y+07¢) = AJA]

=sup inf sup inf L(y+ «9T§) —p'A—ky+ kO A
~ K A P« <A

(Sion’s minimax) = sup  inf  sup Ly+0"6)—p ' A—ry+rO'A
T dlpllesx 2
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Proof of Lemma 4

Sup L(0 " ¢) — All¢ =< = sup L A+0 &)= MA|

A
st. y=0"A

(Slater condition) = sup inf sup L(y+60 &) = M|A|| —rky+ kO A
vy oA

= sup
N

{ sup  L(y+07¢) = AJA]

=sup inf sup inf L(y+ «9T§) —p'A—ky+ kO A
~ K A P« <A

(Sion’s minimax) = sup  inf  sup Ly+0"6)—p ' A—ry+rO'A
T dlpllesx 2

= Sup ir/%f Ly +0"¢) — ry + {
T Il <A

0 if k0 —p =20
+00 else
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Proof of Lemma 4

Sup L(0 " ¢) — All¢ =< = sup L A+0 &)= MA|

— sup A

{ sup  L(y+07¢) = AJA]

Y st. y=0"A
(Slater condition) = sup inf sup L(y+60 &) = M|A|| —rky+ kO A
vy M A

=sup inf sup inf L(y+ QTf) —p'A—ky+ kO A
o K A P« <A

(Sion’s minimax) = sup  inf  sup Ly+0"6)—p ' A—ry+rO'A
T dlpllesx 2

= sup inf
v = AO][« <kSA/]|0]]
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Proof of Lemma 4

G

sup L0 ¢) = M[¢ =&l =sup L(y +0 &)
Y

107




Proof of Lemma 4

G Y

108




Proof of Lemma 4

G Y HQH*

L= Ayl i yfl0fls +07E <0
— Al else
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Proof of Lemmma 4

|
N
-
©
=
D
4
O
_|
o

sup L(07¢) — \|[¢ — €] 1]
¢ ! *

H
gp
-

i®

=
=2
>
=
_|_
O
_|
>
=2

|
7
-
i®

L= Ay i y)|0)l«+60"¢ <0
—\|Y] else

{1 if ¢ <0

max{() 1 —A Hegni } else
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Proof of Lemma 4

A
Sup L6 ¢) = Al =&l =sup L(y+6¢) \|9|\T‘
Y *
=sup L(y||0]l« +60" &) — Ay
Y
B L= Ayl i yfl0fls +07E <0
= Sup
v — Al else
E if 0'¢ <0
| max{0,1 — X ‘9;"5* } else

= Lr(A(0'€)/]|0]
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Ideal Classification

Theorem 4. Suppose that ¢((z,y), (2/,y")) = ||z — /|| + dy=y-

If L(Z) — ﬂZSO, then

n 1 1T =~
inf sup Eq L(y0 )] = inf = ZLR v:0 ' T;) + 0]l

where Lr(z) = max{0,1 — z} + max{0, —z}.

[H-NW22]
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Proof of Theorem 4

inf sup Eg [L(y@Ta?)}
O QeP

(Lemma 1) = inf e +E- sup  L(y'0'x) — Mz’ — || — Noy—,
220 - (2',y/)ER™ XR -
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Proof of Theorem 4

inf sup Eg [L(y@Ta?)}

O QeP
(Lemma 1) = ilelf e +Es sup  L(y'0'x) — Mz’ — || — Noy—,
A>0 - (2/,y")ER™ XR ]

inf de+E-5 | sup L(yf'z") — M|z’ — z||
AS FrTER” '
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Proof of Theorem 4

inf sup Eg [L(y@Ta;’)}

O QeP
(Lemma 1) = ilelf e +Es sup  L(y'0'x) — Mz’ — || — Noy—,
A>0 - (2/,y")ER™ XR ]

inf de+E-5 | sup L(yf'z") — M|z’ — z||
AS SrTeRe '

(Lemma 4) = ilelf e + 41@1\7 [LR( (y@T )/H@H )}
A>0
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Proof of Theorem 4

inf sup Eg [L(yé’Ta?)}

O QeP
(Lemma 1) = ilelf e+ Es sup  L(y'0'x) — Mz’ — || — Noy—,
A>0 - (2/,y")ER™ XR ]

inf de+E-5 | sup L(yf'z") — M|z’ — z||
AS SrTeRe '

(Lemma 4) = iI@lf e + ﬂﬁN [LR( (y@T )/H@H )}
A>0
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Proof of Theorem 4

inf sup Eg [L(yé’Ta?)}

O QeP
(Lemma 1) = inf Ae +E; sup  L(y'0'x) — Mz’ — || — Noy—,
2o (2/,y')ER" xR -
= inf Ae +E; | sup L(y0'z') — M|z’ —:EH
% Nl prern _
A>0
(Lemma 4) = iI@lf e + ﬂﬁN [LR( (y@T )/H@H )}
A>0
int el +E; [La(s0 )
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Conclusion

Regularization — Distributional Robustness
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Take Away

inf sup Eq [£(0,&)

0cO QePpP

P = {Q - M(E) : Wc(@;

119




Take Away

inf sup Eq [£(0,&)

QG@ QEP

P={Qe ME): W,

Step 1

sup o £00,8)] = inf Ae + K

IMK18, ZG18, BM19, GK16, ZYG22]
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Take Away

inf sup Eq [¢(0
jnf sup Eq [6(6,€)

P=1QeM(E5): W(Q,F) <¢j

Step 1

7 — inf :
sup o £00,8)] = inf - Ae +
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Take Away

inf sup Eq [¢(0
jnf sup Eq [6(6,€)

P=1QeM(E5): W(Q,F) <¢j

Step 1

7 — inf :
sup o £00,8)] = inf - Ae +
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Optimality of Affine Hypotheses



Minimum Mean Square Error Estimator

e 2
J* = }lbrellié]I O ||| (x) — yl|3]

=4{h:R" - R"™}
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Minimum Mean Square Error Estimator

e 2
J* = }lbrellié]I O ||| (x) — yl|3]

Optimizer: h*(x) = Ep|y | x

Optimal value: J* = Tr (COVyp|y | z])
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MMSE under Normality

J* = érellfé ||| 2 () — ?JHg} & "= N (1, 2)

Optimizer: h™(z) = Eply | x|
h(x) = ByaX, (T — pa) + iy
Optimal value: J* = Tr (COVyp|y | z])
T =Tr [Byy — By Yoy Tay)
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MMSE under Normality

J* = inf Ep |h(x) = yll3

~ o
‘},,‘.-.‘_‘A T S

.' - : '. o\ 5
-‘s"& - ‘iw
St

S

'.
.
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MMSE under Normality

J* = inf Ep [||h(x) — yH%}

heldl

AL nlﬂlilﬂlll

shlm
o 4 ’_

2
SIS WY -, . -
x o o !
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Distributionally Robust MMSE Estimator

inf s o 1R () — |5
inf sup Eg [|Ih(2) - yll2]

P={Qe MEXxY): W,(Q,P) < ¢}

D:N(M,Z)/ —
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Distributionally Robust MMSE Estimator

f h(z) =yl
inf sup Eg [|Ih(2) - yll2]

P={QeMXxY): W,(Q,P) < e}

o

c((z,y), (2", y") = ||(z,y) — (&, ¥)]3
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(zelbrich Bound

Lemma 5. For any Q1 ~ (u1, 1) and Qg ~ (s, Xs), we have

2

W.(Q1,Q2) > |1 — ,UQHZ + 1T |20 + 2 — 2 (232123)

(G90]
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(zelbrich Bound

Lemma 5. For any Q1 ~ (u1, 1) and Qg ~ (s, Xs), we have

2

We (Qi,Q2) 2 Ili — po* + T |21 + 5, — 2 (235,55 )

Tight under Normality.

(G90]
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(zelbrich Bound

Lemma 5. For any Q1 ~ (u1, 1) and Qg ~ (us, ¥2), we have

2

¥, 4 Yy — 2 (232123)

Tight under Normality. G(Q1,Q2)

(G90]
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Gelbrich Ambiguity Set

G={QeMXxY):GQ,P) <¢e}
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Useful Inequalities

inf sup Eg [||h(z) — v
inf sup g [|lh(z) - yll3
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Useful Inequalities

(restriction)

inf sup

< Inf sup
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Useful Inequalities

(restriction)

(Lemma 5)

inf sup

< Inf sup

< Inf sup
heA Qeg

138




Useful Inequalities

(weak duality)
(restriction)

(Lemma 5)

sup inf
@E’]D hEH

< inf sup

< Inf sup

< Inf sup
heA Qeg
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Useful Inequalities

(restriction)

sup inf Eg [[|h(z) — y||3] < sup inf

QePNN heH QeP hel

(weak duality) < inf sup
hel gep

(restriction) < int SUup
heA Qep

(Lemma 5) < int SUup
heA Qeg
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Sandwich Theorem

Theorem 5. We have

sup inf LQ [||h(x) — I3

QePnN hel

INSKM21]
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Optimality of Affine Estimators

inf sup Eo [1A(2) — vll?2] |=lsup inf Eo [I[h(2) — 42
heHQEg Q [H () yHQ} @1615)3 flLIelH Q [H (7) ?JHQ}

h* 1s athine Q™ is Normal

h* = argmin Eg- [Hh(x) — yH%}
heH
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